In this paper, we have calculated parity nonconserving electric dipole transition amplitudes of the hyperfine components for the transitions between the ground and first excited states of 137 Ba + and 87 Sr + using sum-over-states technique. The results are presented to extract the constants associated with the nuclear spin dependent amplitudes from experimental measurements. The wavefunctions to calculate the most dominant part of the sums are constructed using highly correlated coupled-cluster theory based on the Dirac-Coulomb-Gaunt Hamiltonian.
The anapole moment (AM) is a parity violating electromagnetic moment of a nucleus [1] [2] [3] . Calculations and measurements on parity non conservation (PNC)-induced electric dipole (E1) transitions in atomic systems is being considered as an excellent way to estimate this moment [4, 5] . It is the nuclear spin dependent (NSD) part of the PNC that provides the value of the AM of a nucleus [1] [2] [3] [4] . Whereas, the dominant nuclear spin independent (NSI) part of the PNC depends on the weak nuclear charge [6] . Estimation of the anapole values of various nuclei is a promising tool to put constraints on the PNC meson-nucleon coupling constants [1, 3, 7] . The anapole constant of the 133 Cs nucleus, which has a valence proton, was measured with near about 15% accuracy by Wood et al. [3, 8, 9] . However, this anapole value is found to be inconsistent with some results obtained through different nuclear many-body theories [3] and also with the anapole value of 205 Tl nucleus [3, 10] . Though, the latter was measured with very large uncertainty [10] . Therefore, in this current situation, it is necessary to perform highly accurate PNC calculations and measurements on several species including systems having neutron as a valence nucleon to clear up this issue [3, 7] . Also, the anapole values of this kind of systems can infer about the weak potential between the neutron and nuclear-core [1, 3] .
Isotopes of several singly ionized heavier ions like Ba
+ , Ra + , and Yb + , having valence neutron in the nucleus, are considered as potential candidates of estimating anapole values through the PNC calculations and measurements [4, 11] . The experimental technique of reaching very accurate PNC measurement on the 6s 2 S 1/2 − 5d 2 D 3/2 transition of Ba + was suggested by Fortson [12] . This work is going on at Seattle [13] [14] [15] . Theoretical calculations on a few isotopes of Ba + in this regard were performed by Dzuba et al. [4, 16] and Sahoo et al. [11, 17] . The E1 NSD PNC amplitudes of the most recent calculations of Dzuba et al. [4] differ by about 12% from the results of Sahoo et al. [11] . The PNC results of Dzuba et al. are presented in the form of a ratio (R) of NSD to NSI amplitudes [4] . The wavefunctions used in the PNC calculations by them reflect considerable discrepancies in the hyperfine A-values from precise experimental measurements for few relevant states [4] . The hyperfine A values are the most important tools to judge the accuracy of the wavefunctions of the states in contact to nuclear region where PNC interaction takes place. Nevertheless, as mentioned by them, such inaccuracies are canceled in the R value associated with a hyperfine component if both the NSI and NSD amplitudes are calculated by similar approach considering all the leading contributions are accounted in a same way to them [4, 18] .
Though, the PNC effects are prominent in heavier systems, their theoretical accuracies are limited due to enhancement of the quantum electrodynamics (QED) correction [19, 20] , neutron skin effects [21] etc. Moreover, computational complexity for these systems to achieve desirable accuracy is more. Hence, it is reasonable to choose PNC candidates where both theory and experiment can keep conclusive accuracy. Recently, PNC calculations were carried out on relatively lighter system like 85,87 Rb [19] . Following a similar trend, stable isotope like 87 Sr + having a valence neutron in the nucleus may be considered as a good candidate for anapole estimation. PNC measurement on 5s 2 S 1/2 − 4d 2 D 3/2 transition of Sr + was also proposed by Fortson using a similar technique as used for Ba + [12] .
In the present work, we calculate the E1 PNC amplitudes of the hyperfine components (HC) for 6s 2 S 1/2 − 5d 2 D 3/2 transition of 137 Ba + using improved wavefunctions with respect to those used by Dzuba et al. [4] . Also, we calculate these amplitudes of the HC for 5s 2 S 1/2 − 4d 2 D 3/2 transition of 87 Sr + , for which no PNC data are available to the best of our knowledge. The results are presented with the aim of extracting the constants associated with the NSD PNC interactions using ongoing and future experiments [5] . The anapole contributions to these constants can be extracted using a similar approach as discussed in detail in Ref. [1, 9] . In the present work, the sum-over-states technique is used where the main part or the dominating part [22] [23] [24] of the sum is calculated with high accuracy using relativistic coupledcluster (RCC) theory [25] [26] [27] and experimental transition energies. The non-linear RCC theory with single, double and partial triple excitations (CCSD(T)) [27] is applied here to generate the E1 and weak matrix elements of this part in a correlation exhaustive way. Also, these matrix elements are generated here from the solutions of the Dirac-Coulomb-Gaunt (DCG) Hamiltonian to include the Gaunt correction [28] . Comparatively, less accurate method is used for the calculation of the rest part of the sum, where core polarization effect is included on top of the Dirac-Fock approximation based on the DiracCoulomb (DC) Hamiltonian. The PNC results of 137 Ba + as obtained from the recent work of Dzuba et al. [4] are compared with the present results as both the works are aiming the extraction of the anapole values using similar technique [5] .
The PNC interaction Hamiltonian due to both the NSI and NSD interactions is given by,
. Here, G F is the Fermi constant of the weak interaction. Q W is the weak nuclear charge which is nearly equal to −0.9877N + 0.0716Z, where N and Z are the number of neutrons and protons, respectively inside the nucleus [4] . α and γ 5 are the Dirac matrices. ρ(r) is the normalized nuclear density distribution function, which is considered Fermi type here [9] . κ is a dimensionless constant which accounts the contributions from the anapole moment, electron-nucleus spin-dependent weak interaction and combined action of NSI PNC and hyperfine interaction [9] . Using the sumover-states technique, the spin independent and spin dependent E1 reduced matrix elements between the states |J f F f and |J i F i are derived as [4, 9, 29] ,
and [9, 29] .
To judge the accuracy of the presently generated RCC wavefunctions based on the DCG Hamiltonian, we compare few results of the relevant properties of and among most important states for the PNC calculations with the highly accurate theoretical and most accurate experimental results. Table I and Table II depict the comparisons of these results for the hyperfine A constants and E1 transition amplitudes, respectively. These tables also contain the theoretical results calculated by Dzuba et al. [4] . Here, the highly accurate theoretical results are estimated using the all-order single-double with partial triple (SDpT) excitations method by Safronova for both the systems Ba + [30] and Sr + [31] . The experimental values are found from various earlier measurements where uncertainties were claimed most low [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] . Though, the E1 amplitude of 5d 2 D 3/2 − 6p 2 P 1/2 transition is measured differently: 2.90(9) [37] , 3.03 (9) [39] and 3.14(8) [14] a.u. by different group with almost same precision. Also, in few cases, the experimental E1 transition amplitudes are estimated with large error bars. Therefore, we choice the SDpT results of the E1 transitions as standard to estimate the uncertainty in our PNC calculations as discussed later on. Nevertheless, the good agreements among our RCC results with the SDpT results and the experimental measurements (within the limit of uncertainty) as seen from these tables can ensure good quality of the RCC wave functions for all the states. Also, with respect to In Table III , we present the E1 PNC transition amplitudes for the NSI interaction of 137 Ba + and 87 Sr + calculated by the present approach. In these calculations, the sums are considered for intermediate np 2 P 1/2 and np 2 P 3/2 states having values of n from 2 to 25. The main parts of the sums contain n=6, 7, and 8 for Ba + and n=5, 6 and 7 for Sr + . These values of n for the corresponding systems represent bound excited states at the Dirac-Fock (DF) level. The RCC theory is used here to construct the matrix elements of this part accurately. This theory can account the core correlation, core polarization and pair correlation contributions [44] to the matrix elements in an all order way [45] . Even to increase the accuracy, the experimental transition energies are used from the NIST [42] at the denominators. The Gaunt contributions to the pure DC values in the main parts of these amplitudes have been calculated around −0.4% and −0.3% for 137 Ba + and 87 Sr + , respectively. On the top of these Gaunt corrected ab initio results, the replacement of our RCC energies by the NIST energies change the amplitudes by +1.2% to the former and by +1.1% to the latter. The main parts yield results 1.896 for 137 Ba + and 0.260 for 87 Sr + in the unit of 10 −11 iea 0 Q W /(−N ). The next contribution to the PNC amplitudes arises from the core or the auto-ionization states part of the sum [23] . This part takes the value of n from 2 to 5 for Ba + and 2 to 4 for Sr + . The remaining part or the tail part contributes little compare to the main and the core parts. In the core and tail sectors, core polarization (CP) effect is included in the matrix elements to provide sufficient accuracy in the final PNC amplitudes [22, 23] . To include the CP effect in the core sector, we consider the secondorder many-body perturbation theory (MBPT) diagram in Ref. [46] and replace this diagram by equivalent allorder diagram [47] using Ref. [45] . Similarly, in the highly excited valence sector or tail sector, we use a combination of all-order and second-order MBPT approach to incorporate the CP effect [27, 44, 45] . With this treatment of the CP effect, for 137 Ba + , the core and tail contributions arise to 3.415 and 0.701, respectively at the DF+CP level which are 2.886 and 1.008, respectively at the DF level in the unit of 10 −12 iea 0 Q W /(−N ). A large cancellation is seen to happen between the CP corrections to the core and the tail sectors. This similar kind of cancellation is seen to occur in the calculation of E1 NSI PNC amplitude for 7s
+ by Pal et al [23] . They included the CP corrections in the core and the tail regions using random phase approximation (RPA) method. For 87 Sr + also, the CP effect increases the core value from 3.732 to 4.364, but decreases the tail value from 0.863 to −0.166 in the unit of 10 −13 iea 0 Q W /(−N ). In Table III , we also compare the present E1 NSI PNC amplitude of 137 Ba + with the other calculations obtained by the sum-over-states technique, but using different strategies. The results of Gopakumar et al. were evaluated by treating the main part at the RCC level, but the core and tail parts at the DF level [24] . Their DF orbitals are based on the hybridization of the Gaussian type orbital (GTO) bases and numerical bases [24] . Whereas, we use analytical GTO bases only to construct these orbitals. Theoretically, for more accurate treatment, the CP effect should be included at these less contributing parts, which is performed in the present approach. The work of Dzuba et al. used correlation potential method to generate the Bruckner type orbitals and included CP effect (using RPA method) in the relevant matrix elements for the PNC calculations including the hyperfine constants [4, 5, 16] . As seen from Table I , their method produces the hyperfine A-constants of the 6p 2 P 3/2 and 5d 2 D 3/2 states with a considerably large discrepancy from the experimental measurements and the SDpT values. Whereas, for the 6s 2 S 1/2 and 6p 2 P 1/2 states, the A-values obtained from all the three theories and the experiments are in a reasonably good agreement. Therefore, our correlation exhaustive RCC wavefunctions are more accurate on the average with respect to the wavefunctions of Dzuba et al. in and very near to the nuclear region. Also, both the calculations of Gopakumar et al. and Dzuba et al. did not consider the Gaunt corrections which is considered in the present approach. Nevertheless, our E1 NSI PNC amplitude agrees well with both the other results. This can be the consequence of cancellations between the various contributions to the sum. The results of Table IV is the major focus in the present work. These results are presented in the form of [4] . The NSD PNC amplitudes are calculated in the identical strategy that is adopted to calculate the NSI PNC amplitudes as explained earlier. To the former amplitudes, the main, core and the tail parts contribute about 80%, 16 [4] . In their paper, the values are presented in the z-component matrix element forms of hyperfine states [4] . However, in the present comparison, we keep their results in reduced matrix element forms. Also, we invert the signs of their all NSI and NSD amplitudes to make these consistent with our sign conventions. Using the DC Hamiltonian, we have found that the magnitudes of the R values are changed by about −9.5% to −11.0% for 137 Ba + and by about −17% to −24% for 87 Sr + from the pure ab initio DF results to the correlation corrected results (RCC for the main sectors and DF+CP for the remaining sectors). These correlation corrections to the ratios are almost determined from the main parts of the sums. Therefore, exhaustiveness in correlation to the main parts is desirable to maintain excellent accuracy in the ratios. From these correlation corrected results, the R values have been found to change by about +0.5% to +1% and +1.5% to +2% for 137 Ba + and 87 Sr + , respectively to the final results as presented in the table.
Both the E1 NSI and NSD PNC amplitudes of 137 Ba + and 87 Sr + are calculated within theoretical uncertainty of about 3%. These uncertainties are calculated using standard procedure [4, 23] of replacing the E1 amplitudes obtained from the RCC theory by the E1 amplitudes calculated from the SDpT approximation and scaling a PNC amplitude f |H P N C |i by the factor √ in the main part [23] . Also, a rough approximation from the QED, neutron skin effects and more complete calculations in the core sectors are considered here. Nevertheless, the R values for both the ions are calculated within theoretical uncertainty of about 0.5% considering the scaling of the matrix elements as mentioned above. Therefore, the ratio of two different precise PNC measurements corresponding to two different HC and it's comparison with the present theoretical value can lead to a very accurate interpretation of κ [5] . The PNC amplitudes of 137 Ba + and 87 Sr + have been calculated for the purpose of extracting the constants associated with the NSD PNC interactions with high accuracy from the ongoing experiment for the former ion and the proposed experiment for the latter ion. The amplitudes of 87 Sr + are calculated for the first time.
